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Abstract 

We consider the optimal quantization problem with Renyi-a-entropy 
constraints for centered Gaussian measures on a separable Banach space. 
For a = oo we can compute the optimal quantization error by a moment 
on a ball. For a G ]1, oo] and large entropy bound we derive sharp asymp- 
totics for the optimal quantization error in terms of the small ball proba- 
bility of the Gaussian measure. We apply our results to several classes of 
Gaussian measures. The asymptotical order of the optimal quantization 
error for a > 1 is different from the well-known cases a — and a = 1. 
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1 Introduction and basic notation 

Let N := {1, 2, ..}. Let a e [0,oo] and p = (pi,_P2, ••■) G [0, 1]^ be a probability 
vector, i.e. X^i^iK = 1- The Renyi-a-entropy H"{p) G [0,oo] is defined as (see 
e.g. [D Definition 5.2.35] resp. [1 Chapter 1.2.1]) 

{^Ei^iPi logfe): if a = 1 
— log (maxjpi : i € N}), if a = oo 
T^log(E::iPf),if"e[0,^[\{i}. 

We use the convention • log(O) := and 0^ := for all real x. The logarithm 
log is based on e. 
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Remark 1.1. With these conventions we obtain 

H'^ip) = log (cardfe : « S > 0}) , 
z/card denotes cardinality. Using the rule of de I'Hospital it is easy to see, that 

(cf. Remark 5.2.34]). Moreover, lim„^ooff"(-) =i?°°(-)- 

Let {E, II • II) be a real separable Banach space with norm || • ||. Let p he a 
Borel probability measure on E. Denote by T the set of all Borel-measurable 
mappings f : E E with card(/(i?)) < card(N). A mapping / € is called 
quantizer and the image f{E) is called codebook consisting of codepoints. We 
assume throughout the whole paper that the codepoints are distinct. Every 
quantizer / induces a partition {/^^(z) : z e f{E)} of E. Every element of 
this partition is called codecell. The image measure fi o has a countable 
support and defines an approximation of fi, the so-called quantization of fi by 
/. For any enumeration {zi, Z2, ..} of f{E) we define 

as the Renyi-a-entropy of / w.r.t /i. Now we intend to quantify the distance 
between /j, and its approximation under /. To this end let p : [0, oo[— >■ [0, oo[ be 
a surjective, strictly increasing and continuous mapping with p(0) = 0. Hence p 
is invertible. The inverse function is denoted by p~^ and also strictly increasing. 
We assume throughout the whole paper that J p{\\x\\)dp.{x) < oo. For f £ 
we define as distance between p, and p o the quantization error 

^M.P(/)- / PiW^-fi^) \\)dpix). 
For any i? > we denote by 

D'^^JR) = M{DM -.feT, H^if) < R} (1) 

the optimal quantization error for p under Renyi-a-entropy bound R. Indeed, it 
is justified to speak of a distance. It was shown by the author (31j in the finite- 
dimensional case and for Euclidean norm that for a large class of distributions 
p the optimal quantization error ([1]) is equal to a Wasserstein distance. 

Remark 1.2. The optimal quantization error is decreasing in a > 0. To see 
this let f ^ T with H^{f) < R. For arbitrary 0<7</3<oo we have (cf. fSj], 
p. 53) 

H^,{f)<Hl{f). 

Together with Remark \l.l\ we conclude that H^{f) < H^(f). In view of Defini- 
tion {Ip we thus obtain 



D^piK) < inf{D, Jg) : g G -F,i7°(.g) < R} = DIJR). 
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An exact determination of the optimal quantization error ([T]) for every i? > 
was successfully only in a few special cases so far. In this regard most is known 
in the one-dimensional case under the restriction 

p{x) = x'' with r > (2) 

and a G {0, 1}. In case of a = the reader is referred to [24 ( section 5.2]. To 
the author's knowledge the uniform and the exponential distribution are the 
only examples for a — 1 where an exact determination of the optimal quanti- 
zation error was carried out so far. Gyorgy and Linder [2S\ have determined a 
parametric representation of ([T]) for the uniform distribution and a large class of 
distance functions p which includes ([2]) . Berger [6] has derived in case of a = 1 
and r = 2 an analytical representation for the optimal quantization error of 
the exponential distribution. For the class ([2]) of distance functions the author 
[29] was able to generalize the results of Gyorgy and Linder [28] to the case 
a G [0, oo]. 

Due to the difficulties in determining the optimal quantization error one 
is interested in asymptotics for the error for large entropy bounds. In case 
of a € {0,1} and finite dimension the asymptotical behaviour of the optimal 
quantization error is well-known for a large class of distributions, see e.g. |24i 
[27] . Kreitmeier and Linder [32] have derived also sharp asymptotics for a large 
class of one-dimensional distributions and a € [0,oo]. Moreover, the author 
[30] has determined first-order asymptotics for the optimal quantization error 
in arbitrary finite dimension and a £ [0,oo], where the class of distributions is 
larger than the one in [32] . 

This paper aims to determine asymptotics for the optimal quantization error 
^ in the infinite dimensional case. To this end we will assume for the rest of 
this paper that {E, || • ||) is of infinite dimension. Moreover, we restrict ourselves 
to Gaussian measures. In more detail we will assume from now on that /i is 
a non-atomic centered Gaussian measure on E and the support of /i coincides 
with E. The restriction to Gaussian measures is motivated by different reasons. 
First, this class of distributions has been extensively studied in the past. In the 
proofs of this paper we especially use concentration inequalities (cf. [8]) and 
small ball asymptotics (see e.g. [5l|9lll0l|2ll|34ll39l|43l|44]). Secondly, for 
distance functions of type ^ and a G {0, 1} the asymptotical order of D'^^p{R) 
for large R has been already determined for several classes of Gaussian measures. 
Dereich et al. [13] have determined asymptotics for ([1]) in case of a = and 
for distance functions of type ([2]). Their results require weak conditions on 
the regular variation of the small ball asymptotics of the Gaussian measure. 
Graf, Luschgy and Pages [5S] have additionally shown for a = and restriction 
([2]) that one can determine the small ball asymptotics from the asymptotics 
of the optimal quantization error ([T| if the asymptotics of ^ satisfy certain 
regularity conditions. Luschgy and Pages [36] have determined sharp error 
asymptotics for a = and distance function p{x) = x'^ . They imposed a 
condition on the regularity of the eigenvalues of the covariance operator of p. 
In this situation, also the sharp error asymptotics for a = and a = 1 coincide. 
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cf. [55] . Dereich and Scheutzow [H] have shown for fractional Brownian motion 
that sharp asymptotics of ^ for large R exist and also coincide for a G {0, 1}. 
According to these cited works the asymptotics for a = and a = 1 are of the 
same order and in view of Remark 11.21 even for all a G [0, 1]. 

The objective of this paper is to analyze the optimal quantization error for 
a > 1. In Section 2 we determine in case of a = oo ('mass-constrained quan- 
tization') a representation of the optimal quantization error by a moment on a 
ball (cf. Proposition l2.3|) . The proof of this result is a straightforward general- 
ization of the techniques used in the proof of [30l Proposition 2.1.]. In Section 
3, for a large class of Gaussian measures where sharp asymptotics for the small 
ball probability are known, we can determine sharp asymptotics for the optimal 
quantization error with entropy parameter a > 1 (cf. Corollarv l3.12[ Theorem 
I3.15p . The cornerstone of our approach is covered by Proposition l3.10l For dis- 
tance functions of type ([2|) we obtain a representation of the sharp asymptotics 
for D'^p in terms of the inverse of the small ball function (cf. definition (jH)). 
The condition imposed (cf. (|10l) ) on the small ball asymptotics is satisfied by 
most prevalent Gaussian measures. For those distributions we are then able 
to derive also sharp asymptotics for all a > 1, cf. Corollary 13.161 In Section 
4 we discuss several examples of Gaussian processes in order to determine the 
asymptotical order of the optimal quantization error for large entropy bound 
and a > 1. The asymptotics of the optimal quantization error for a > 1 turns 
out to be of different order compared to the case a < 1. 



2 The optimal quantization error under mass- 
constraints 



Hence we call optimal quantization with a = oo mass-constrained quantization. 
Denote by M all real numbers, let 

R+ = {x e R : a; > 0} and R([ = {x e M : a; > 0}. 

As a key tool we will use Anderson's inequality as stated in reference [8]. 

Theorem 2.1 (|8l Corollary 4.2.3]). If A is a convex, symmetric and Borel- 
measurable subset of E, then for every a £ E 



Let f E T and R > with H'^{f) < R. From the definition we obtain 



max{/i(r 1(a)) :ae /(£;)} >e 



R 



fi{A) > fi{A + a). 



Moreover, the function 
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is nondecreasing on Mg", provided g : E ^ M. is such that the sets 

{g < c}, c G M, are symmetric and convex, and g{- + to) is p,— integrable for any 

t > 0. 

We denote by supp(/i) the support of /i. For a (z E and s > we denote by 

B{a, s) ^ {x e E : \\x - a\\ < s} 

the closed ball around a with radius s. We deduce from Corollary 4.4.2 (i)] 
that the mapping 

R+ 3t^ fi{B{a,t)) eR+ (3) 

is continuous. Because fj, is non-atomic the mapping Fa has a continuous exten- 
sion to K(| which we call also Fa and Fa{0) = 0. For any set A (Z E we denote 
by 1a the characteristic function on A. 

Lemma 2.2. Let a Cz E and A d E be a Borel measurable set with p.{A) G ]0, 1[. 
Then there exists an s E ]0, oo[ such that IJ-{A) = ii{B(0,s)) and 



p{\\x - a\\)dn{x) > / p{\\x\\)dp.{x). 
Jb(o,s) 

Proof. 

1- Ia PiW^ ~ > JB(a,i) P(\\^ ^ a\\)d^{x) with n{B{a, /)) = fi{A). 

By the properties of the mapping Fa an Z > exists with ii{B[a,l)) — p.{A). 
The remaining part of the proof can be taken from the proof of [23J Lemma 2.8]. 
Although 24, Lemma 2.8] covers only the special case p{x) = x^ , the argument 
works also for general p. 

2- ^Bial) ^(11^ - a\\)dp{x) > /^(Q^^j p{\\x\\)dp{x). 
Let 

E3x^ f{x) = lBio.s)ix)pi\\x\\). 
By Theorem 12.11 an s > exists such that 



p{B{0,s)) ^ p{B{aJ)) < p{B{OJ)), 

which yields s < I. For every c e [0, oo[ the set 

5(0, s) n {/ < c} - {x e B{0,s) : p{\\x\\) < c} - B{0,mm{s, p-\c))) 

is symmetric and convex. Moreover /(• a)) is /i-integrable for every t>0. 
Because the support of / is a subset of -6(0, s) we obtain from Theorem 12 . II that 

p{\\x — a\\)dfi{x) > / p{\\x — a\\)dp{x) 

B(a,l) J B(a,s) 

f{x - a)dp{x) > J f{x)dp{x) 
p{\\x\\)dp{x). 

B(a,s) 

□ 
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The proof of the fohowing Proposition 12.31 is an obvious generahzation of 
the proof of |301 Proposition 2.1.] to the finite-dimensional case. The main idea 
of constructing a quantizer based on a countable partition of E works also for 
infinite dimensional separable Banach spaces. For the reader's convenience we 
provide a complete proof. 

Proposition 2.3. Let R> and s > such that p{B{0,s)) ~ e^^ . Then 

D7,p{R) = / p{M)dp{x). (4) 

JB(0,s) 

Proof. Let i? > 0. From the definition ^ of D'^p(R) we obtain 

D^^p{R) = inf{ / p{\\x - f{x)\\)dii{x) : / e max «(/-i(a)) > e-^'} 

J aGf(E) 

Moreover let 

£'(i?)=inf{/ p{\\x - a\\)dfi{x) : a e E, A measurahle ,n{A) > e^^}. (5) 
J A 

1. D^JR) > D{R). 

Let f & with maxb^fi^E) P'{f~^{b)) > e~^. Then an a G f{E) exists with 
Kf~'^ia)) > Let A = /-^(a). We obtain 

I p{\\x-f{x)\\)dp{x) = I P{\\x~b\\)dp{x) 

= f pi\\x~a\\)df,ix)>DiR), 

J A 

which yields D^p{R) > D{R). 

2. D^^^{R) < D{R). 

Let ^ C i? be measurable with p,{A) > e~^ and choose a ^ E. Let e > 0. 
Because p(0) = and p is continuous, a i5 > exists such that for every t e [0, 5] 
we have p(t) < e. Let {xn)neN be dense in E. Then (i3(a::„, (5))„gN is an open 
cover of E. Hence a Borel- measurable partition (A„)„gp} of E\A exists, such 
that An C B{xn,S) for every n eN. Now we define the mapping f : E ^ E hy 




a, if a; G A 
Xji^ if X G A' 
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Obviously / G J" and maxbg/(£;) fJ.{f ^(6)) > ^J.{A) > e ^. We deduce 



< 





f{x)\\)d^,{x) 


Pi\\x- 


a\\)d^{x) - 


P{\\X ~ Xn\\)dn{x) 








PiWx- 


a\\)d^{x) - 










Pi\\x~ 


a\\)d^{x) - 


■f £. 



Because e > 0, a £ E and the set A C were arbitrary we obtain that 

D-^JR) < D{R)- 

3. Proof of equation (jlj. 

From step 1 and 2 we deduce D^p{R) — D{R). Obviously we can assume that 
/x(j4) e ]0, 1[ for the set A in ([5]). But then the assertion follows from Lemma 
221 □ 

For s > let 



b^{s) = - \og{ti{{x e E : < s))) = - \og{fi{B{0, s))) (6) 

be the small ball function of fi. Note that bfj,{-) is continuous, surjective, strictly 
decreasing and, therefore, invertible (see e.g. 12, Lemma 2.3.5]). Thus we 
obtain as an immediate consequence of Proposition 12.31 the following result. 

Corollary 2.4. Let R>0. Then D^p{R) < p{b-^{R))e-^. 



3 High-rate error asymptotics 

In this section we will prove high-rate error asymptotics for the optimal quan- 
tization error with entropy index a G ]1, oo]. If the small ball function bfj_{-) has 
a certain asymptotical behavior we can determine the sharp asymptotics of the 
optimal quantization error for large entropy bound (cf. Corollary 13.121 Theo- 
rem I3.15P We begin with an upper bound for the optimal quantization error. 
As with Proposition 12.31 the proof of the following result is a straightforward 
generalization of the proof of |30[ Proposition 2.1.]. 

Lemma 3.1. Let a > 1 and R > 0. Then 

D';l,p{R) < inf{ / p{\\x-a\\)dfi{x):aeE,s>0,fi{B{a,s))>e-'^^} 

JB(a.s) 
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Proof. The second part of the assertion is an immediate consequence of Propo- 
sition 12.31 and Lemma 12.21 To prove the first part let a G and s > with 
/i(i?(a, s)) > e^^^^. Let (a„)„gN be a dense subset of E. Let e > 0. Because 
yo(0) = and p is continuous, a 5 > exists such that p{t) < e for every t £ [0, S]. 
Hence {Bian, (5))„gN is an open cover of E. Thus a Borel-measurable partition 
{An)nen of E\B{a,s) exists, with A„ C B{an,S) for every n & N. We define 
the mapping f : E ^ E hy 



Obviously f £ Due to a > 1 we obtain 



a, if a; e B{a, s) 
a„, if a; G . 



H^if) = Y^\og(^p{B{a,s)r + f^^piA^r^ 

< \og{p(B{a, s))") < log(e(i-")^) = R. 

1 — a 1 — a 

As a consequence we get 



Dl^{R)<D^.p{f) - / p{\\x~a\\)dp{x) + Y. I P{\\^~an\\)dtx{x) 



p oo 

/ P{\\x - a\\)dp{x) + ^ p{An)e 

JB{a,s) 



< 



< / p{\\x - a\\)dp{x) + e. 

JB(a,s) 

Because e > was chosen arbitrarily the assertion is proved. □ 

Let r > 0. From now on we will assume for the rest of this paper that 
p{x) = x^ for every x £ Mg . To stress this choice for p we write D'^j.{-) instead 

Remark 3.2. The r~th moment is always finite for Gaussian measures. This 
can be deduced either from Fernique's theorem (cf. |3 Theorem 2.8.5]) or follows 
from concentration inequalities for Gaussian measures (see e.g. [8^ Theorem 
4.3.3] or 112, p. 25]). 

In order to formulate rates we introduce the following notations. For mappings 
/. g : M.Q and a £ [0, oo] we write / ~ 5 as a; ^ a if lima;-i.Q f{x) / g{x) — 1. 

We denote / ^ g as x — >■ a if 

< liminf f{x)/g{x) 

and / > (7 as a; — )■ a if 

1 < liminf /(a;)/ g (a;). 
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We write / ^ 5 as a; a if 

limsup/(x)/5(a;) < 00 

and / < g as 2; — > a if 

linisup/(a;)/(7(a;) < 1. 

It f ^ g and f ^ g 'we write f ~ g. Obviously f ^ g, f ^ g and / < g. 

The following Lemma has been proved by Dereich (of. [121 Lemma 4.2]). See 
also the proof of Corollary 1.3 in |25j . 

Lemma 3.3. Let c > 0. Let a> and 6 e R. // 

b^{s)^c{l/sr{\og{l/s))' ass^O, 

then 

b-\R) - c^^^a-'^/^R-^/" {\og{R)f'' as R^ 00. 
Remark 3.4. It is also easy to check that 

« (l/s)'^(log(l/s))'' ass^O 

implies that 

«i?-i/"(log(i?))''/'' as R^ 00. 

Remark 3.5. According to the separability of the support of /i and the finite 
r—th moment (cf. Remark \3.S\) we have 

lim Dl,{R) = 0. 

In view of Remark ] LS\ we thus get 

hm D'^^.iR) = 

R^oo ^' 

for every a G [0,oo]. 

Definition 3.6. A family (/i?)fl>o d of quantizers is called asymptotically 
a— optimal, if H'^i^fii) < R for every R> and 

Remark 3.7. An asymptotically a— optimal family {fii)iiyQ always exists. More- 
over we can assume w.l.o.g. that card(/i^(i?)) < 00 for every R > 0. Let us 
justify this. First, we note that D'^^{R) > for every R > 0, because pi is a non- 
degenerate Gaussian measure. Hence, the left hand side of ^ is well-defined. 
Clearly, for every R> we can define a quantizer f G T with II^{f) = < R 
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(choose a E E and let f(x) = a for every x € E). Thus for every R > a se- 
quence (/]J)neN of quantizers exists with H^lf^) < R and D^_r{fp) D'^^{R) 
as n —)■ 00. For every R > choose no(i?) such that 

ID^AIr"^'"'^) - D'^Ml < ER with ER - R-'D^A^). 

Consequently, (/fl''^^^)_R>o o.'it- asymptotically a— optimal family, i.e. such a 
family always exists. 

Now let (/fl.)_R>o be an asymptotically a— optimal family, letSR as above and 
ao e fR{E). Choose A C fR{E)\{ao} such that card(/i?(i?)\A) < oo, 

/ \\x — aW" d^{x) < eR/2 and / ||a; — ao||''(i/i(a;) < e7v/2. 

With the quantizer 

ie/fl(-E)\({ao}uA) 

we obtain 

\D^,,r{fR) - D^A9b)\ < er. 
Moreover, H"^{gR) < H^^IJr) according to fSll Proposition 4-2] and Defini- 
tion 2.1(b)]. Thus, (5fl)fl>o is also asymptotically optimal with ca,id{g r{E)) < 
oo for every R > 0. 

Lemma 3.8. Let a e ]1, od[ and {fR)R>o d T be an asymptotically a— optimal 
family. Then, limR^oc H^{R) — oo, or, what is the same, 

iim( M/i^'(«)r)'/" = o. 

aefR.{E) 

Proof. Let C > and (i?„)„gN be a sequence with lim„_i.oo Rn = oo. We will 
show that liminfn^oo > C. Let us assume the contrary. Hence, there 

exists a subsequence of (/i?„)nGN, which we will also denote by {fR„)neN, such 
that H^{fR^) < C for every n £ N. By definition ([T]) of the optimal quantization 
error and because the support of fi is infinite we obtain 

hminf > D'^^.iC) > 0. (8) 

Let e > 0. Then there exists an i?^ > 0, such that 

D^Ah.) < (1 + e)^," r(-R) for every R > R,. (9) 
From ^ and Remark 13.51 we get 

< lim D^AJr) <(!+£) lim i?" (i?) = 0, 

which contradicts ([8]). Thus we obtain that liminf„_s.oo > C. Because 

C > and {Rn)neN was arbitrary we get limR^oo H^ifR) — oo. Now the 
assertion follows immediately from the definition of HAfR)- 
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Remark 3.9. As an immediate consequence of Lemma \8.8\ we obtain 

lim max /i(fo^(a)) = 0. 

for a £ ]l,oo[ and every asymptotically a—optimal family (/H)fl>o C J-. 
Proposition 3.10. // 

..^timsf.o (10) 

for every rj G ]0, 1[, then 



Proof Let rj e ]0,1[ and s G ]0, oo[ with s = b^iR), i-e. ^(5(0, s)) 



Proposition 12.31 implies 

DZ-jR) ^ /b(o,.) M"M^) 

n{B{0,'ns)) 

- ^ m(s(o,.)) ^" 

Because rj G ]0, 1[ is arbitrary and by assumption (jlOp we obtain that 

liminf ' > 1. 

R^oo {bA{R)Ye-^ ~ 

From Coroharv 12.41 we get 



(11) 



hmsup < 1, 

R^J {b^\R)Ye-i^' - ' 



which yields together with ([TT|) the assertion. □ 

In the sequel we will apply results from the theory of slowly varying functions 
(cf. [Il Definition 1.2.1]). Let us state first the exact definition of this notion. 

Definition 3.11. Let z > and f : [z,oo[-^ be a B or el- measurable mapping 
satisfying 

f{\x)/f{x) 1 as X ^ oo VA > 0; 
then f is said to be slowly varying. 
Corollary 3.12. Let c> 0. Let a > and b e R. // 

6^(s) ^ c(l/s)''(log(l/s))^ ass^O, 

then 

D^iR) - {bAiWe'"- ~ ci/''a~''/"i?-i/"(log(i?))''/°e^^ asR^oo. 
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Proof. From [71 p. 16] we obtain that [l,oo[ B x c(log(x))'' is a slowly vary- 
ing function. Let 77 G ]0, 1[. Applying [7| Theorem 1.4.1] we deduce from [71 
Definition (1.4.3)] that 

b^il/ir,-^x)) _ b^{r,s) 



I <r] " = lim , , . = lim 



Thus we obtain 



s^O ^(i?(0, Sj) s^O 

Hence the first part of the assertion follows from Proposition jXTOl The second 
part is a direct consequence of Lemma 13.31 □ 



Before we can state and prove our main result (Theorem 13. 15^ we need two 
more technical lemmas. 

Lemma 3.13. Let a > 1, A > and B > 0. Let f : [0, l/e[ R with 
0,ifx = 



X {\og{l/x))-^ (log(log(l/a;)))^ , tf x e ]0, l/e[. 



Then, f is continuous on [0,l/e[, continuously differ entiahle on ]0,l/e[ and 
monotone increasing on [0, e~'^[. Moreover an aiQ G ]0, l/e[ exists, such that the 
mapping ]0,a;o[ 9 a; — > F{x) — x^^°'f'{x) is monotone decreasing. 

Proof. Let z > 1 and g{z) = z/(l/z). Thus g is slowly varying (cf. [7, Examples 
p. 16]). Applying [7, Proposition 1.3.6 (v)] we obtain 

lim f{x) = lim (l/z)g{z) =^ 0. 

a;— >0 z— foo 

Thus / is continuous on [0, 1[. Now let x e ]0, 1[ and z ~ 1/x. We calculate 



X 



l-a rl 



f'{x)=Z^-^h^{z)-h2{z) 



with 

h,{z) = (log(log(z)))^-i(log(z))-^-i 

and 

h2{z) = log(log(z)) log(z) + log(log(z)) - 1. 

Because f'{x) — hi{l/x)h2{l/x) > for every x G ]0, e~'^[ we obtain that / is 
monotone increasing on [0,6^*^ [. Obviously hi and /12 — 1 are slowly varying 
(cf. [71 p. 16]). Due to h2{z) ^ 00 as z — 00 we obtain that also /12 is slowly 
varying (cf. [3 Definition p. 6]) and, therefore, by means of [71 Proposition 
1.3.6 (iii)], that hi ■ /12 is slowly varying. From [7J Theorem 1.3.1] we deduce 
that hi • /i2 is a normalized slowly varying function (cf. [2 Definition p. 15]). 
Now [3 Theorem 1.5.5] yields that hi-h2 is an element of the so-called Zygmund 
class. From the definition of the Zygmund class (cf. [71 Definition p. 24]) we 
deduce that a zq > exists, such that z — > z°'~^hi{z) ■ /i2(z) is increasing on 
[zq, oo[. But then F is decreasing on ]0, a;o[ with xq — I/zq, which finally proves 
the assertion. □ 
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Lemma 3.14. Let a E ]l,oo[. Let a;o > and f : [0,xo] — )■ M.q be continuous 
with /(O) = 0. // / is continuously differentiable on ]0,a;o[ and the mapping 
]0, a;o[ 3 X ^ F{x) — x^^°'f'{x) is monotone decreasing, then 

{n n n '\ 

f{^^) ■■neN,{xi, .., Xn) e [0, xor, ^ X. = 1, ^ > < i . 
i=l i=l i=l ) 

Proof. For x E [0, x^] let g{x) = /(x^/"). For n € N let 

n 

AnA^o) = {(a;i, ..,x„) E [0,xg^]" : ^a;^ > x^}. 

i=l 

Thus we obtain 

{n n n \ 

Y,f{xi) : n E n,{xi,..,Xn) E [O,a;o]",^x, = l.^x^ > 
1=1 i=l i=l J 

- ''^^ii'^gixi) --n En,{xi,..,Xn) E A 

An.aixo) is a convex set for every n E N. Moreover g is differentiable on ]0,Xq [ 
and for x E ]0,xo[ we calculate g'{x°') — a~^x^^°' f [x). Thus g' is monotone 
decreasing on ]0,a;o[ and, therefore, concave on ]0,Xq[. For n S N and x E 
An,a{xQ) let G(x) — J27=i 9i^i)- Obviously G is continuous and concave on the 
convex compact set An^a{xo). Applying [321 Theorem 3.4.7.] we obtain that 
G attains its global minimum at an extreme point of An^a{xo). Note that the 
extreme points of An_a{xo) are consisting of the set 

{ixi,..,x„) E [0,x^r ■■ ^^ e {0,0 for every i E {1, .., n}}\{0}. 

Thus we get 

inf |^g(a;0 : n e N, (xi, ..,x„) E A„,a(xo)| > gix^) = /(xq), 

which yields the assertion. □ 
Theorem 3.15. Let a E ]1, oo[ and c > 0. Let a > and b eR. If 

6^(s) ^ c(l/s)"(log(l/s))'' ass^O, 

then 

as i? oo . 
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Proof. 1. < {b-^ {^R)Y e-"^^ as i? ->c5o. 

This follows from Lemma [01 and Corollary 13. 121 

2. D^AR) ^ iK' {^R)Y e"^"" as i? ^ cx). 

Let (/fl)i?>o be an asymptotically a-optimal family of quantizers. According to 
Remark [221 let us assume w.l.o.g. that card(/i^(£')) < oo for every i? > 0. By 
definition we have 

= ^ j ^ \\x - a\yd^i{x). 

For every a G fR{E) let Sa{R) > such that fi{B{0, s^)) = ^i{f]^^{a)). Applying 
Lemma [2.21 and Proposition 12 . 31 we deduce 

\\x-ard^Ji{x)> f ||x|rdMx)=i?-(-log(M/^i(a)))). 

Now let £ £ ]0, 1[. According to Corollarv l3.12l a S e ]0, 1[ exists, such that for 
every x G ]0, S[ 

D^J-logix))>{l-e)C-g{x) 

with C = c^l<'a-^l°- and g{x) = a;(- log(a;))-i/"(log(-- log(x)))^/''. From Re- 
mark [?751 we get an i?i > such that for every R> Ri and for every a £ fniE) 
we have 

D^A- log(A^(/^\a)))) > (1 - e)C ■ g{pifj,'{a))) 

and, therefore, 

D,.AfR)>a-^)C 9Wr\^)))- (12) 

Applying Lemma r3.13l we obtain a zq G ]0, (5[ such that g is monotone increasing 
on [0, zq[ and the mapping ]0, zo[ 9 a; — >■ x^^'^g'{x) is monotone decreasing. Let 
Xq = xo{R,fpi) ~ (X]aG/ji(B) ^'^'^ choose according to Lemma 

13.81 an R2 > Q such that < zq for every R > R2. Now let R > max(i?i, i?2)- 
From H'^{Jii) < R we obtain zq > xq > e Hence we can apply Lemma 

13.141 and deduce together with the monotonicity of g that 

E 5(M/fi'(«)))><?(=^o)>5(e-^^). (13) 
Combining (fT2)) and (|13l) we obtain from Corollarv 13.121 that 



1 — e < lim inf — — —, — = lim inf ■ 



Because e was arbitrary this proves the assertion of step 2. 
3. i^- {^R) ^ {bA {^R)ye-^" as i? ^ ^. 

This follows from Corollary El □ 
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Corollary 3.16. Let a G ]1, oo[ and c > 0. Let a> and 6 G M. // 

b^{s)-^c{l/sr{\og{l/s)f ass^O, 

then 

a a 

as R ^ oo. 

Proof. Immediate consequence of Theorem 13.151 and Corollary [3321 D 

Remark 3.17. Unfortunately the author was unable to prove the assertion of 
Theorem \3.15\ under the weaker condition I110\) of Proposition [3. 1 (A In general it 
would be of interest to characterize those Gaussian measures who are satisfying 
condition lilC^). Finally it is also an open question if the asymptotics in Theorem 
\3.15\ resp. Corollary \3.12\ remain valid in a weak sense if we only require weak 
asymptotics for the small ball function, i.e. if we replace ^ by k. 

4 Examples 

Let d e N. Let / : [0, 1]'' M. We denote by |1 • |loo the sup-norm, i.e. 

||/||oo= sup \f{t)\. 

Moreover, for p > 1 and p— integrable mapping / let 




be the Lp— norm of /. In the sequel we consider centered Gaussian probability 
vectors X = (-^t)te[o,i]'' on the separable Banach space (C, |j • ||oo) of all con- 
tinuous functions on [0,1]'' and on the separable Banach space [Lp, \\ ■ \\p) of all 
p— integrable functions, respectively. 

To be more precise we write DJ^,. ||.||^(') resp. ||.|| (•) for the optimal 

quantization error in order to stress the dependency on the underlying norm 
and norm exponent r > 0. Moreover we write (s) resp. ^/i,|| ||p(s) for the 

small ball function. 

Although results for small ball probabilities of Gaussian measures are also 
available for other norms (see e.g. [35]) we restrict ourself to the two norms 
from above. 

4.1 Fractional Brownian sheet 

Let H = {Hi,..,Hd) G ]0, Consider the centered Gaussian probability 
vector 

= (^t^)tG[0,l]'i 
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characterized by the covariance function 

i=l 

with s,t £ [0,1]''. Fractional Brownian motion is covered by the special case 

d — 1. Moreover we obtain the classical Brownian sheet by letting d — 2 and 

Hi = H2 = 1/2. Let 7 = min(i7i, .., iJrf) > 0. 

Case 1. there is a unique minimum among .., Hd- 

In this case we know, that a c — c{H) g ]0, oo[ exists, such that 

6^j|.||^(s) ~ cs^"^/''' as s — 

(cf. [39]. See also [33] and [34] for d = 1). From Lemma [331 we deduce 

- {R/c)-^ as i? ^ oo. 

Corollary 13.121 implies 

From [23 Corollary 1.3] we deduce 

In one dimension [d = 1) we know (cf. relation (3.2) in [3S]) that 

^M.ll-llp('5) ~ s"^/'' as s ^ 
and (cf. [25^, CoroUary 1.3]) 

Dl,rM\,{R)~ (;^)^ asi?-^oo. 
Applying Remark 13.41 and Corollary 12.41 we obtain 

DZmSR)^^^'' e-^asi?^oo. 

Sharp asymptotics for h^ \y\\^{-) are known if p = 2 (cf. [9 ). Thus a C2 > 
exists such that 

^Ai.lMbl*) C2S~-^/'' as s 0. 
As above. Lemma 13.31 and Corollary 13.121 yields 
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For a e {0, 1} and d = 1 we have (cf. [H Theorem 1.1.]) 

^M...IMU(^)- (^)^' asi?^oo (14) 

for some constant 09(7) S ]0, oof. In view of Remark 11.21 relation (ITil) is also 
true for all a G ]0, 1[. Moreover a 0^(7) exists such that 

for every a G [0, 1] (cf. [HI Theorem 1.3.]). Independent of the norm of the 
Banach space E, the asymptotical order of D^^{R) for large R remains con- 
stant for a G [0,1]. If a G ]l,oo[, then the asymptotical order changes. The 
asymptotic can be determined by applying Corollarv l3.16l We obtain 

and 

for every a G ]l,oo[. 
Case 2: there is a non- unique minimum among Hi, ..jHd- 

Because the one-dimensional case has been already treated in case 1 we can 
assume w.l.o.g. that d > 2. If d > 3, then the asymptotical order of (•) 
is not yet completely determined, even if all Hi are equal, (cf. ^17^ and the 
references therein). If d = 2, then Hi ^ H2 = H and we have 

ViMlo. W « iy^)'^" {\og{l/s))'+'/" as s ^ 
(cf. [SI Theorem 5.2.], see also 01] for the case H — 1/2). Remark 13.41 implies 

&;;||.|l^(i?) « (log(i?))^+^ asR^oo. 
Corollary 12.41 yields 

^,Tr,||.|u(^) ^ (R'" {\og{R)f+^Ye-'^ asR^oo. 
From [3SJ Corollary 1.3] we know that 

^^,IMIo. (R) « (R'" {\og{R)f+'Y as i? ^ 00. 
If d > 2 and Hi = 1/2 for every i — 1, .., d we know (cf. [IT]) that 

K.W-hi^) - Cd(l/s)2 (log(l/s))'''-' as s ^ 
with Cd = 2'^-'^/ {V2TT'^-^{d - 1)!). Lemma O implies 

- cy'2-('^-i)i?-i/2 (log(i?))'^-^ as i? ^ 00. 



•— e ° asi?-^cx) 

\ a — 1 RJ 
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Corollary 13.121 yields 

^^.,IMb(^) - (cy'2-('^-i)i?-V2 (iog(i?))'^-i)'-e-« as i? ^ «3. 
From [25l Corollary 1.3] we obtain 

^°,.,IMb(^) « (^~'^' (log(i?))'"')'' as i? ^ oo. 
Moreover we know (cf. [36], relation (3.13)) that 

^^,2,||.||.(^) - {hdR-^'^ {\og{R)t-'f as i? ^ (X) (15) 

with hd = V2/{n'^{d - 1)!) and a = 0. From [36i Theorem 2.2.] and [H 
Theorem 1.1.] we deduce that ([T5|) also holds for a = 1. In view of Remark 1 1.2 1 
relation (fTSj) is also true for all a £ ]0, 1[. As in Case 1 the asymptotical order 
of D'^ j.{R) for large R and a > 1 is different from the one for a S [0, 1]. It can 
be determined by applying Corollarv l3.16l We get 

("f^—' (^«)"" (.og(^i^«))^")'e--« 

as i? — > oo for every a e ]1, oo[. 

4.2 Levy fractional Brownian motion 

The Levy fractional Brownian motion of order H e ]0, 1[ is a centered Gaussian 
process defined by 

Xq = 0, E{{Xt~X,f) = .s||^^ for s,te [0,1]'', 
if II • II denotes the Euclidean norm on M''. For this stochastic process we have 

VlMu(5)«(l/s)'/'' ass^O 
(cf. [43]). Remark [331 yields 

6-||.|l^(i?) « {l/R)"l'^ as i?^ oo. 
For a > 1 Corollary 12.41 and Lemma 13.11 implies 

K.mU^^R) ^ D^,rM\jR) ^ {R-""Ye-"' as i? ^ oo. 
Applying [25j Corollary 1.3] we obtain 

Dl^rMJR)^{R-""r ^R^^- 



Quantization of Gaussian measures 



19 



4.3 m— times integrated Brownian Motion, Fractional In- 
tegrated Brownian Motions, m-integrated Brownian 
sheet 

For /3 > we define the centered Gaussian probability vector 

by 

where Bg denotes Brownian motion. Since a c(/3) € ]0, oo[ exists, such that 

VlMloo(s) - c(/3)s-2/(2^+i) as s 
(cf . [33] and [31] ) we deduce from Lemma 13.31 that 

- (i?/c(/3))-('3+i/2) as i?^ oo. 
Together with Corollary 13 . 1 21 we obtain 

Corollary 13.161 yields 



for every a G ]l,oo[. Moreover we have 

/ l \ (/3+l/2)r 

(cf. [251 P- 1059]). If /3 = m € N, then a c(m) > exists, such that 

6^,l|.||,(s) - c(m)s-2/(2m+i) as s ^ 
(cf. [ini Theorem 1.1]). Again, Lemma [3731 and Corollarv l3 . 121 are implying that 

/ / \\ (m+l/2)r 
' c(m) ^ ^ ' ' 

R 

Applying ;25, Corollary 1.3] we deduce 

(^)» (5)' 



(m+l/2)r 

as — ^ 00. 
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Moreover we know (cf. [55], relation (3.7)) that 

/ / XX (m+l/2)r 

^M.2,||.|b(^)- asi?-^oo (16) 

with a co{m) G ]0, oo[ and a = 0. From p6', Theorem 2.2.] and [26l Theorem 
1.1.] we deduce that ([T6l) also holds for a = 1. In view of Remark 1 1 . 2 1 relation 
(fTC|) is also true for all a e ]0,1[. If a e ]l,oo[, then Corollary 13.161 yields the 
error asymptotics. We deduce 

for every a € ]1, cxd[. Results for small ball asymptotics of more general m— times 
integrated Brownian motions can be found in [22] and [41| . 

Now let m € N and {Bt)t^[o,i]<i be a d— dimensional Brownian sheet, i.e. (Bt) 
is a centered Gaussian measure characterized through the covariance function 

d 

E{BsBt) = ]Jmin(s,,i,) 

for s — (si,..,S(i) G [0,1]'' and t — {ti,..,td) G [0,1]''. The to— integrated 
Brownian sheet {Xt)t^]^d is now defined by 

Xrnit)^ r ■■■ rr\^^^^^Bidu„..,du,). 

Jo Jo fj[ ml 
For this process a c = c{m, d) > exists, such that 

VlMb(^) - cs-2/(2™+i) (log(l/s)) as s ^ 
(cf. [2TJ Corollary 5.2]). Lemma [3?3l yields 



'^•IHl2^ ' \rJ \m+l/2j 
Corollary 13.121 implies 

-r.H.(«.^fe)--'x^!^)'"n^-'--^ 



as R oo. 



On the other hand we deduce from 25 , Corollary 1.3] that 
« (log(i?))('^~^^("+i))'' 

In case of > 1 we obtain sharp asymptotics for the optimal quantization error 
by Corollarv l3.16l We have 

as i? — > OO for every a e ]1, oo[. 
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4.4 Fractional Ornstein-Uhlenbeck Processes 

Let 7 > and H G ]0,2[. Let us consider the centered stationary fractional 
Ornstein-Uhlenbeck process, which is a Gaussian process defined by the covari- 
ance function 

EXfxf =e-^l*~"l'', t,se[0,l]. 

Since 

(cf. gni Theorem 2.1]) and 

(cf. [25l p. 1061]) we deduce from Remark 13.41 and Corollary 12 .41 together with 
Lemma [3. II for a > 1 that 

D",.rMJ^l^) - ^^.r.nJR) ^ {R-"/'ye-^ as i? ^ oo 

and 

^ ^^-IMI.(^) ^ {R-^^'Ye-'' as i? -> oo. 

Moreover (cf. [25]) 
and 

If = 1, then we have the standard Ornstein-Uhlenbeck process which can 
also be defined as the solution of a stochastic differential equation. From this 
special case we can also generalize the standard Ornstein-Uhlenbeck process 
to Gaussian diffusions, defined as a solution of a certain stochastic differential 
equation. Asymptotic small ball probabilities for such processes were derived by 
Fatalov |20) . For results about the asymptotics of the optimal quantization error 
for such diffusions and a € {0, 1} the reader is referred to Dereich [151 [16] resp. 
Luschgy and Pages [37l [38] . The optimal quantization of Fractional Ornstein- 
Uhlenbeck Processes with higher dimensional index space has been discussed by 
Luschgy and Pages (33] ■ Once again we observe the change in the asymptotical 
order of the high rate asymptotics of the optimal quantization error, if the 
entropy index a becomes larger than 1. 

Remark 4.1. Taking the sum Z = X + Y of two not necessarily independent 
joint Gaussian random vectors X, Y it is possible to determine the asymptotical 
order of the small ball probability of Z , if this order is known for X and Y ( cf. 
]19\ Theorem 2.1]). Moreover, small ball probabilities of fractional mixtures of 
fractional Gaussian measures are investigated by El-Nouty \18\ Uff) / . 
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4.5 Slepian Gaussian fields 

Let a = {ai,..,ad) G ]0, oo[''. We consider the centered Gaussian process 
(X()fg[Q characterized by the covariance function 

d 

E(XtX,) = J|max(0,a, - |s, - 

i=l 

For this process we have 

VlMI^(s)«(l/s)'(log(l/5))3as5^0 
(cf. [21 Theorem 1.1]) and 

(cf. [23l Theorem 1.1]). Thus we obtain from Remark [3.4[ Corollarv l2.4l together 
with Lemma l3. II for a > 1 that 

and 

Moreover (cf. [25] ) 

Dl^^^jR) ^ [R-'/\\og{R))^/'y asi?-^^ 

and 

« {R-'/^i\ogiR) f-'y as i? ^ oo. 

Finahy, also this class of Gaussian processes shows the change in the optimal 
quantization error asymptotics as a increases. 

References 

[1] Aczel, J., Daroczy, Z.: On Measures of Information and Their Characteri- 
zations, Mathematics in Science and Engineering, voL 115. Academic Press, 
London (1975) 

[2] Anderson, T.W.: The integral of a symmetric convex set and some proba- 
bility inequalities. Proc. Amer. Math. Soc. 6, 170-176 (1955) 

[3] Beck, C., Schlogl, F.: Thermodynamics of chaotic systems. Cambridge Uni- 
versity Press, Cambridge (1993) 



Quantization of Gaussian measures 



23 



[4] Behara, M.: Additive and nonadditive measures of entropy. John Wiley, 

New Delhi (1990) 

[5] Belinsky, E., Linde, W.: Small Ball Probabilities of Fractional Brownian 
Sheets via Fractional Integration Operators. J. Theoret. Probab. 15, 589- 
612 (2002) 

[6] Berger, T.: Optimum quantizers and permutation codes. IEEE Trans. In- 
form. Theory 18, 759-765 (1972) 

[7] Bingham, N.H., Goldic, CM., Tcugcls, J.L.: Regular variation. Encyclope- 
dia of Mathematics and its applications, Cambridge University Press, Cam- 
bridge (1987) 

[8] Bogachev, I.V.: Gaussian Measures. AMS (1998) 

[9] Bronski, J.C.: Small Ball Constants and Tight Eigenvalue Asymptotics for 
Fractional Brownian Motions. J. Theoret. Probab. 16, 87-100 (2003) 

[10] Chen, X., Li, W.V.: Quadratic functional and small ball probabilities for 
the m-fold integrated Brownian Motion. Ann. Probab. 31, 1052-1077 (2003) 

[11] Csaki, E.: On small values of the square integral of a multiparameter 
Wiener process. Statistics and Probability. Proc. 3rd Pannonian Symp., 
Visegrad/Hung. 1982, 19-26 (1984) 

[12] Dereich, S.: High resolution coding of stochastic processes and small ball 
probabilities. Ph.D. Dissertation (2003) 

[13] Dereich, S., Fehringer, F., Matoussi, A., Scheutzow, M.: On the link be- 
tween small ball probabilities and the quantization problem for Gaussian 
measures on Banach spaces. J. Theor. Probab. 16, 249-265 (2003) 

[14] Dereich, S., Scheutzow, M.: High-resolution quantization and entropy cod- 
ing for fractional Brownian motion. Electron. J. Probab. 11, 700-722 (2006) 

[15] Dereich, S.: The coding complexity of diffusion processes under supremum 
norm distortion. Stochastic Process. Appl. 118, 917-937 (2008) 

[16] Dereich, S.: The coding complexity of diffusion processes under i^'[0, 1]- 
norm distortion. Stochastic Process. Appl. 118, 938-951 (2008) 

[17] Dunkcr, T.: Estimates for the Small Ball Probabilities of the Fractional 
Brownian Sheet. J. Theor. Probab. 13, 357-382 (2000) 

[18] El-Nouty, C: The fractional mixed fractional Brownian motion and frac- 
tional Brownian sheet. ESAIM, Probab. Stat. 11, 448-465 (2007) 

[19] El-Nouty, C: On the lower classes of some mixed fractional Gaussian pro- 
cesses with two logarithmic factors. J. Appl. Math. Stochastic Anal. (2008) 
doi:10.1155/2008/160303 



Quantization of Gaussian measures 



24 



[20] Fatalov, V.R.: Exact asymptotics of small deviation for a stationary 
Ornstein-Uhlenbeck process and some Gaussian diffusion processes in the 
iP-norm, 2 < p < oo. Probl. Inf. Transm. 44, 138-155 (2008) 

[21] Fill, J. A., Torcaso, F.: Asymptotic analysis via Mellin transforms for small 
deviations in i^— norm of integrated Brownian sheets. Probab. Theory Re- 
lat. Fields. 130, 259-288 (2004) 

[22] Gao, F., Hannig, ,J., Torcaso, T.: Integrated Brownian Motions and Exact 
La-Small Balls. Ann. Probab. 31, 1320-1337 (2003) 

[23] Gao, F., Li, W.V.: Small ball probabilities for the Slepian Gaussian fields. 
Trans. Am. Math. Soc. 359, 1339-1350 (2007) 

[24] Graf, S., Luschgy, H.: Foundations of Quantization for Probability Distri- 
butions. Lecture Notes 1730 Springer (2000) 

[25] Graf, S., Luschgy, H., Pages, G.: Functional quantization and small ball 
probabilities for Gaussian processes. J. Theor. Probab. 16, 1047-1062 (2003) 

[26] Graf, S., Luschgy, H.: Entropy-constrained functional quantization of 
Gaussian measures. Proc. Am. Math. Soc. 133, 3403-3409 (2005) 

[27] Gray, R.M., Linder, T., Li, J.: A Lagrangian formulation of Zador's 
entropy-constrained quantization theorem. IEEE Trans. Inform. Theory 48, 
695-707 (2002) 

[28] Gyorgy, A., Linder, T.: Optimal entropy-constrained scalar quantization 
of a uniform source. IEEE Trans. Inform. Theory 46, 2704-2711 (2000) 

[29] Krcitmeier, W.: Optimal Quantization for the one-dimensional uniform dis- 
tribution with Rcnyi-a-cntropy constraints. Kybernctika 46, 96 113 (2010) 

[30] Kreitmeier, W.: Error bounds for high-resolution quantization with Renyi- 
a-entropy constraints. Acta Math. Hungar. 127, 34-51 (2010) 

[31] Kreitmeier, W.: Optimal vector quantization in terms of Wasserstein dis- 
tance. J. Multivariate Anal. 102, 1225-1239 (2011) 

[32] Kreitmeier, W., Linder, T.: High-resolution scalar quantization with Renyi 
entropy constraint. IEEE Trans. Inform. Theory 57, 6837-6859 (2011) 

[33] Li, W.V., Lindc, W.: Existence of small ball constants for fractional Brow- 
nian motions. C. R. Acad. Sci. Paris Ser. I Math. 326, 1329-1334 (1998) 

[34] Li, W.V., Linde, W.: Approximation, metric entropy and small ball esti- 
mates for Gaussian measures. Ann. Probab. 27, 1556-1578 (1999) 

[35] Lifshits, M., Simon, T.: Small deviations for fractional stable processes. 
Ann. Inst. Henri Poincare, Probab. Stat. 41, 725-752 (2005) 



Quantization of Gaussian measures 



25 



[36] Luschgy, H., Pages, G.: Sharp asymptotics of the functional quantization 
problem for Gaussian processes. Ann. Probab. 32, 1574-1599 (2004) 

[37] Luschgy, H., Pages, G.: Functional quantization of a class of Brownian 
diffusions: a constructive approach. Stochastic Processes Appl. 116, 310- 
336 (2006) 

[38] Luschgy, H., Pages, G.: Functional quantization rate and mean pathwise 
regularity of processes with an application to Levy processes. Ann. Appl. 
Probab. 18, 427-469 (2008) 

[39] Mason, D.M., Shi, Z.: Small Deviations for Some Multi-Parameter Gaus- 
sian Processes. J. Theor. Probab. 14, 213-239 (2001) 

[40] Monrad, D., Rootzen, H.: Small values of Gaussian processes and func- 
tional laws of the iterated logarithm. Probab. Theory Relat. Fields 101, 

173-192 (1995) 

[41] Nazarov, A.I.: On the Sharp Constant in the Small Ball Asymptotics of 
Some Gaussian Processes under L2— Norm. J. Math. Sci., New York 117, 
4185-4210 (2005) 

[42] Niculescu, C., Persson, L.: Convex functions and their applications. A 
contemporary approach, CMS Books in Mathematics, Springer, New York 

(2005) 

[43] Shao, Q.M., Wang, D.: Small ball probabilities of Gaussian fields. Probab. 
Theory Relat. Fields 102, 511-517 (1995) 



[44] Talagrand, M.: The small ball problem for the Brownian sheet. Ann. 
Probab. 22, 1331-1354 (1994) 



